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ABSTRACT
The characteristics of Alfvén waves propagating in a direction oblique to the ambient magnetic
field in a stellar wind environment are discussed. A kinetic formulation for a magnetized dusty
plasma is adopted considering Maxwellian distributions of electrons and ions, and immobile
dust particles electrically charged by absorption of plasma particles and by photoionization.
The dispersion relation is numerically solved and the results are compared with situations
previously studied where dust particles were not charged by photoionization, which is an
important process in a stellar wind of a relatively hot star. We show that the presence of dust
causes the shear Alfvén waves to present a region of wavenumber values with zero frequency
and that the minimum wavelength for which the mode becomes dispersive again is roughly
proportional to the radiation intensity to which the dust grains are exposed. The damping
rates of both shear and compressional Alfvén waves are observed to decrease with increasing
radiation flux, for the parameters considered. For the particular case where both modes present
a region with null real frequency when the radiation flux is absent or weak, it is shown that
when the radiation flux is sufficiently strong, the photoionization mechanism may cause this
region to get smaller or even to vanish, for compressional Alfvén waves. In that case, the
compressional Alfvén waves present non zero frequency for all wavenumber values, while the
shear Alfvén waves still present null frequency in a certain interval of wavenumber values,
which gets smaller with the presence of radiation.
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1 INTRODUCTION

Alfvén waves are low-frequency waves ubiquitous in space envi-

ronments and are of great interest as they play important roles in the

heating and transport of energy in laboratory and astrophysical plas-

mas. They are believed to heat and accelerate stellar winds through

the transport of magnetic energy, provide scattering mechanisms

for the acceleration of cosmic rays, transfer angular momentum in

interstellar molecular clouds, and play important roles in magnetic

pulsations in Earth’s magnetosphere (Cramer 2001).

These waves have been detected through in situ measurements

and are known to exist in the solar wind environment, where they

can provide the energy flux needed to drive the wind (Belcher 1971;

Smith et al. 1995; Tomczyk et al. 2007). For this reason, and the fact

that they are generated by oscillations in the magnetic field, Alfvén

waves are believed to exist in the winds of stars in many regions of

the Hertzsprung–Russell diagram.

Hasegawa (1976) first introduced the kinetic Alfvén waves

★ E-mail: luan.toni@ufrgs.br
† E-mail: rudi.gaelzer@ufrgs.br
‡ E-mail: luiz.ziebell@ufrgs.br

(KAW) to include the effects of finite electron pressure and finite

ion gyroradius on the ideal magnetohydrodynamic shear Alfvén

wave. Since then, KAWs have been invoked in association with var-

ious space phenomena, such as auroral currents, particle accelera-

tion in the magnetosphere (Hui & Seyler 1992) and the dissipation

range of the turbulent interplanetary magnetic field (Leamon et al.

1998). Leamon et al. (1999) showed that purely parallel propagat-

ing Alfvén waves do not adequately describe some of the solar wind

characteristics. They argued that the existence of KAWs propagat-

ing at large angles in relation to the interplanetary magnetic field

are more consistent with the observations.

The transfer of energy between KAWs and plasma parti-

cles usually occurs via Landau damping, resulting in the heating

of plasma or acceleration of particles along the magnetic field

direction. However, it is known that Alfvén waves in a dusty

plasma present an additional damping mechanism generally stronger

than the conventional Landau damping (De Juli et al. 2005, 2007;

Gaelzer et al. 2008, 2010; De Toni & Gaelzer 2021). This new fea-

ture is due to the variable electrical charge that dust particles acquire

by several charging mechanisms such as absorption of charged par-

ticles by inelastic collisions, photoionization, secondary electron

emission, among others.
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Dust particles can be observed in the solar wind by the presence

of the F-corona, the outer part of the Sun’s corona, which is illu-

minated by sunlight scattered or reflected from solid dust particles.

The same phenomenon also produces the zodiacal light much far-

ther from the Sun. Observations made during solar eclipses (Dürst

1982; Maihara et al. 1985; Koutchmy & Lamy 1985; Leinert et al.

1998) obtained evidence that dust particles can be present inside

the solar wind as close as 2 '⊙ , where '⊙ is the Sun’s radius. On

the other hand, recent observations by NASA’s Parker Solar Probe

obtained evidence of a gradual decrease of F-coronal dust from dis-

tances of approximately 19-9 '⊙ to the Sun (Howard et al. 2019),

which is suggestive of a long-hypothesised dust-free zone (Russell

1929), a region close to the Sun where dust has been heated and va-

porised by the intense sunlight. However, at this point the evidence

is still not conclusive and an exact location of dust-free zone de-

pends on grain compositions and grain sizes (see e.g. Krivov et al.

1998; Kobayashi et al. 2012).

The existence of dust envelopes in other stars also has been

observed from infrared emission and absorption characteristics. An

interesting phenomenon related to circumstellar dust is observed

in R Coronae Borealis (RCB) stars, an exotic group of carbon-rich

supergiants that are known for their spectacular declines in bright-

ness (up to 8 magnitudes) in visible light at irregular intervals,

this fading is less pronounced at longer wavelengths. This sud-

den drop in brightness may be caused by a rapid condensation of

carbon-rich dust, resulting in much of the star’s light being blocked.

Clayton et al. (1992), through observations of RCB stars, argue that

dust grains must be formed in a region between 1.5-2 stellar radii.

The model of dust-driven winds in carbon stars derived by

Gail & Sedlmayr (2014) assumes that the dust formation region

starts around 1.4 stellar radii. Furthermore, to explain the observed

flux characteristics of several late-type stars, Danchi et al. (1994)

modeled dust shells with inner radii as close as 1.7 stellar radii to

the stars. These observations evidence the presence of dust grains

in carbon-rich stars in a region smaller than 2 stellar radii.

Observations of several carbon-rich stars show that dust-to-

gas mass density ratio around these stars has typical values of 10−3

to 10−4 (Knapp 1985; Bergeat, J. & Chevallier, L. 2005). The dust

that populate these stars is mostly composed of carbon (Nanni et al.

2021) and can vary in sizes, presenting radii from about 10−4 to

10−7 cm (Krüger & Sedlmayr 1997).

Some model calculations for carbon-rich asymptotic giant

branch star winds which combine hydrodynamics with radiation

pressure on dust grains, time-dependent dust formation, and ra-

diative transfer, show that dust particles play an important role in

the observed flow patterns (Sandin, C. & Höfner, S. 2003; Woitke

2006; Boulangier et al. 2018). These models consider stars with ef-

fective temperatures of 2400-2600 K with dust formation starting

around 1.5 stellar radii. In this region, it is possible to observe a

gas density of 10−8-10−12 g/cm3 and temperatures ranging from

around 103 to over 104 K. Interestingly, an axi-symmetric (2D)

model shows that these winds’ flow patterns are far away from be-

ing spherically symmetric (Woitke 2006), revealing a more complex

picture of wind acceleration than other 1D models.

Falceta-Gonçalves & Jatenco-Pereira (2002) showed that, in

addition to the radiation pressure, the inclusion of a new strong

damping mechanism caused by the presence of dust particles in

the model of Jatenco-Pereira & Opher (1989) for mass-loss in late-

type stars results in an acceleration mechanism of stellar winds

more consistent with observations. For this reason, and the already

mentioned effects of Alfvén waves in several space environments,

it is of paramount interest to better understand the effects of dust

particles in the propagation and damping of these waves.

Gaelzer et al. (2008) showed that obliquely propagating Alfvén

waves are affected by the presence of dust particles charged solely

by absorption of plasma particles through inelastic collisions. The

results imply that the long wavelength dynamics of Alfvén waves

in a dusty plasma is completely different from the usual behaviour

observed in a conventional plasma; in the large wavelength limit

both the dispersion and the absorption of KAWs are substantially

modified.

In this work we will study the modifications that the photoion-

ization process brings to the propagation and absorption of KAWs

within the kinetic theory of plasmas. The inclusion of this additional

dust charging mechanism in the theory is of great importance when

one studies environments where dust particles are exposed to elec-

tromagnetic radiation, such as stellar winds. For this, we make use of

the formalism developed by Galvão & Ziebell (2012) for the kinetic

theory of magnetized dusty plasma, considering that dust grains are

charged by absorption of particles and by photoionization.

Recently, De Toni & Gaelzer (2021) analysed the effects of the

photoemission process within this new formalism for purely parallel

propagating Alfvén waves in a stellar wind coming from a carbon-

rich star. The results show that the coupling between the whistler

and ion-cyclotron modes is greatly modified in the large wavelength

region once dust particles present null or positive electrical charge,

which is only possible when photoemission of electrons by dust par-

ticles is considered in the formalism, since the process of absorption

of plasma particles tends to negatively charge the dust grains.

Also, it was shown that the presence of photoionization may

greatly modify the damping rates seen in both whistler and ion

cyclotron modes since this damping mechanism is related to the

inelastic collision frequency, which depends on the dust equilib-

rium electrical charge. These results are strong indication that the

photoionization mechanism will also have significant role in the

dispersion and damping of oblique Alfvén waves.

As we will show, by applying this formalism to obliquely prop-

agating Alfvén waves we notice that, within the parameters consid-

ered in this work, the photoionization process tends to diminish the

absorption rate of both shear and compressional Alfvén modes, and

to reduce the region of non propagation of shear Alfvén waves. We

also see that for the particular set of parameters where all modes are

non propagating, the presence of radiation will modify this condi-

tion, causing the compressional Alfvén modes to present their usual

dispersive properties again.

The plan of this paper is as follows. In Section 2, we discuss

the basic properties regarding the dusty plasma model employed.

Section 3 presents the dispersion relation for obliquely propagating

Alfvén waves with Maxwellian distributions for plasma particles.

In Section 4, we present some numerical results considering param-

eters typically found in stellar winds of carbon-rich stars. Finally,

the conclusions are presented in Section 5.

2 THE DUSTY PLASMA MODEL

In our formulation we consider a homogeneous dusty plasma em-

bedded in an ambient magnetic field B0 = �0eI and exposed to

anisotropic radiation. This plasma is composed by electrons, pro-

tons and spherical dust particles with constant radius 0 and variable

charge @d, which originates from inelastic collisions between dust

particles and plasma particles of species V, and from emission of

electrons by photoionization.

MNRAS 000, 1–10 (2021)



Oblique Alfvén waves in a dusty plasma 3

Dust particles are assumed to be immobile because their mass

<d is much larger than the plasma particles’ masses <V . Conse-

quently, this model is restricted to wave frequencies much higher

than the characteristic dust frequencies, thereby excluding the modes

that can arise from the dust dynamics. That is, we consider the

regime in which l ≫ max (ld, |Ωd |), where ld and Ωd are, re-

spectively, the plasma and cyclotron frequencies of the dust parti-

cles.

This model assumes a single grain size, which enable us to

derive a relatively simple dispersion relation, as we will see. How-

ever, space environments most probably will present populations

of particles with different sizes. The dust radii are often described

by a distribution function. For example, the interstellar grains can

be modelled by a power law distribution, with radii ranging from

0.005 `m to 1 `m (Mathis et al. 1977). Meanwhile, detailed mod-

elling of the formation and growth of dust in carbon-rich stars

suggests that the dust density distribution in this environment has

a maximum at some given dust size, with decreasing density for

smaller and larger grains (Dominik et al. 1989; Hoefner & Dorfi

1992). Galvão & Ziebell (2012) proposed the inclusion of a dis-

crete distribution of grain sizes in the formalism for a magnetized

dusty plasma using kinetic theory. In future works we intend to make

use of this derivation to include a continuous distribution function

of grain sizes in the model.

In the presence of dust, the equilibrium number densities of

electrons and ions are no longer the same since some of these par-

ticles will be absorbed by dust grains and electrons will be emitted

by photoionization. Therefore, the quasi-neutrality condition in a

dusty plasma is expressed as∑
V

=V0@V + @d0=30 = 0, (1)

where =V0 and =30 are, respectively the equilibrium density of the

plasma particles of species V and the dust particles, @V is the charge

of species V, and @d0 = /d4 is the equilibrium dust charge where

/d is the equilibrium dust charge number and 4 is the elementary

charge.

To evaluate the equilibrium dust charge we use the condition

of zero surface current

�0 (@d0) =
∑
V

�V0 (@d0) + �p (@d0) = 0, (2)

where �0 is the total charging current over the surface of a dust grain,

�V0 is the current due to absorption of plasma particles of species

V in the equilibrium, and �p is the photoemission current.

The absorption current is caused by inelastic collisions of

plasma particles with dust particles. It is described using the or-

bital motion limited (OML) theory (see e.g. Allen 1992; Tsytovich

1997), which neglects the presence of a magnetic field in the charg-

ing process. This approximation is valid for weakly magnetized

plasmas where 0 ≪ A!4, i.e., when the dust particle radius is much

smaller than the electron Larmor radius, as shown in a numerical

calculation performed by Chang & Spariosu (1993).

However, for a strong magnetic field where the dust radius

is comparable or grater than the electron Larmor radius, the dust

charging process is modified and the dust charge could reduce sig-

nificantly (see e.g. Salimullah et al. 2003; Kodanova et al. 2019).

This effect happens because the orbits of plasma particles are con-

fined to one dimension along the magnetic field lines, making the

dusty plasma anisotropic.

For the values of parameters used in this work, the relation

0 ≪ A!4 is always satisfied, making it possible to use the OML

theory in our formulation. Therefore, we can express the absorption

current as (De Juli & Schneider 1998)

�V0 (@d) = c02@V

∫
d3?

(
1 −

�V

?2

)
�

(
1 −

�V

?2

)
?

<V
5V0, (3)

where

�V ≡
2@d@V<V

0
, (4)

and ? is the momentum of the plasma particles, 5V0 is the distribu-

tion function of species V in equilibrium and � (G) is the Heaviside

function. Assuming Maxwellian distribution for the plasma parti-

cles, equation (3) can be evaluated for electrons (V = 4), resulting

�40 (@d) = −2
√

2c024=40E)4




exp
(

@d4
0:B)4

)
, @d < 0(

1 + @d4
0:B)4

)
, @d ≥ 0

, (5)

and for protons (V = 8), resulting

�80 (@d) = 2
√

2c024=80E)8



(
1 − @d4

0:B)8

)
, @d ≤ 0

exp
(
− @d4
0:B)8

)
, @d > 0

, (6)

where :B is the Boltzmann constant, and E)V = (:B)V/<V)1/2
and )V are, respectively, the thermal velocity and temperature of

the plasma particles of species V.

The model that describes the photoelectric emission by dust

particles assumes that the number of electrons emitted by unit area

by unit time is proportional to the intensity of radiation, with the

distribution of momenta of the electrons in the material obeying the

Fermi-Dirac statistics. Electrons at the surface of the dust grains

have a certain probability V(a) to absorb the incoming radiation

of frequency a. When the absorption occurs, these electrons can

be emitted if the energy of the radiation is greater than the work

function q of the material of the grain. For the case of a positively

charged dust particle, the energy of the emitted electron must over-

come the electrostatic attraction by the grain, otherwise it will be

reabsorbed by the dust particle.

For the case in which radiation is unidirectional, featuring a

continuous spectrum, and propagating in parallel with the ambient

magnetic field, the photoelectric current for a spherical dust grain

with charge @d uniformly distributed over its surface can be written

as (Galvão & Ziebell 2012; De Toni & Gaelzer 2021)

�p = 4c02

∫ am

a0

(0 j(a)Λ(a)da, @d ≤ 0 ,

�p = 4c02

∫ am

a0

(0
Ψ(b, @d)
Φ(b) j(a)Λ(a)da, @d > 0 ,

(7)

where j(a) is the photoelectric efficiency of the dust material and

can be written as (Spitzer Jr 1948)

j(a) =
{

0, a < a0
729
16

( a0

a

)4 (
1 − a0

a

)
jm, a > a0

, (8)

where a0 = q/ℎ is the threshold frequency, ℎ is the Planck constant,

and jm is the maximum value of the photoelectric efficiency.

Other terms in equation (7) are as follows. Λ(a)da is the num-

ber of photons with frequency between a and a + da incident per

unit time per unit area, am is the upper limit of the spectrum defined

by either j(am) ≈ 0 or Λ(am) ≈ 0, and (0 = (4 − (B where (4 and

(B are, respectively, the extinction and scattering coefficients, ac-

cordingly with Mie theory (see e.g. Sodha et al. 2011). We consider

(0 = 1 which is a fair approximation when 2c0/_ ≥ 10, where _

MNRAS 000, 1–10 (2021)
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is the wavelength of the radiation. This condition is always satisfied

within the parameters used in this work.

We also have the functions

Φ(b) =
∫ exp b

0

ln(1 + Ω)
Ω

dΩ = −Li2 (− exp b), (9)

Ψ(b, @d) =
4@d

0:B)d
ln

[
1 + exp

(
b − 4@d

0:B)d

)]

+Φ

(
b − 4@d

0:B)d

)
,

(10)

where Li2 is the polylogarithm function of order 2, )d is the dust

temperature and

b =
1

:B)d
(ℎa − q) (11)

with q being the work function of the material.

3 DISPERSION RELATION FOR OBLIQUE ALFVÉN
WAVES

The dielectric tensor for a homogeneous magnetized dusty plasma,

with immobile dust particles charged by absorption of plasma par-

ticles and by photoionization can be expressed as

n8 9 = nC
8 9 + nA

8 9 + nP
8 9 , (12)

for {8, 9 } = {G, H, I}, where the terms nC
8 9

refer to the components

which are formally identical to those of a conventional (dustless)

plasma, whilst the terms nA
8 9

and nP
8 9

are entirely due to the presence

of dust particles, the former is related to the absorption of plasma

particles by the dust and the latter is related to the photoionization

process. Explicit expressions for these terms can be found, e.g., in

De Juli & Schneider (1998) and Galvão & Ziebell (2012).

The dispersion relation considering a magnetic field along the

I direction and a wave vector in an oblique direction lying in the GI

plane, i.e., k = :⊥eG + : ‖eI , is given by

det
©­­«

nGG − #2
‖ nGH nGI + # ‖#⊥

nHG nHH − #2 nHI

nIG + # ‖#⊥ nIH nII − #2
⊥

ª®®
¬
= 0, (13)

where N = #⊥eG + # ‖eI = k2/l is the refractive index, l is the

angular frequency and 2 is the speed of light in vacuum.

As a first approach to the problem, we consider only the ‘con-

ventional’ part of the dielectric tensor, not including the terms that

appear due to the dust charging processes in equation (12).

For Maxwellian distribution of electrons and ions, the conven-

tional part of the dielectric tensor is written as (see e.g. De Juli et al.

2005, Appendix)

n�8 9 = X8 9 +
∞∑

==−∞

∑
V

l2
?V

l=V0

∫
d3?

(
? ‖
?⊥

) X 9I m 5V0

m?⊥

×
?
X8I
‖ ?

X8G+X8H
⊥ Π

=V

8 9

l − =ΩV − :‖ ?‖
<V

+ ia0
V3

(?)
,

(14)

where l?V and ΩV are, respectively, the plasma and cyclotron

frequencies of particles of species V. We also have the tensor

�
=V

=

©­­­­­
«

=2� 2
=

12
V

8
=� ′

=�=
1V

=� 2
=

12
V

−8 =�
′
=�=
1V

� ′2= −8� ′=�=
=� 2

=

12
V

8� ′=�= �2
=

ª®®®®®¬
, (15)

where 1V = :⊥?⊥/<VΩV , �= = �= (1V) is the Bessel function of

order = and � ′= is its first derivative.

For the evaluation of momentum integrals which appear

in equation (14) we follow the same procedure from previous

works (De Juli et al. 2005; Ziebell et al. 2005; Gaelzer et al. 2008;

De Toni & Gaelzer 2021) where the momentum dependent inelastic

collision frequency

a0
V3

(?) = c02=30

<V

(
?2 − 2<V@V@d0

0

)
?

�

(
?2 −

2<V@V@d0

0

)
(16)

is replaced by its average values in momentum space

aV =
1

=V0

∫
d3? a0

V3
(?) 5V0. (17)

Considering Maxwellian distributions for protons (V = 8) and elec-

trons (V = 4) we obtain

a8 = 2
√

2c02=30E)8



(
1 − 4@d0

0:B)8

)
, @d0 ≤ 0

exp
(
− 4@d0

0:B)8

)
, @d0 > 0

, (18)

a4 = 2
√

2c02=30E)4




exp
(

4@d0

0:B)4

)
, @d0 < 0(

1 + 4@d0

0:B)4

)
, @d0 ≥ 0

. (19)

De Juli et al. (2007) showed that in the frequency range of

Alfvén waves the dispersion relation can be satisfyingly described

with the use of the average collision frequency approximation. This

enables us to arrive at a relative simple expression for the dispersion

relation.

We now introduce the following dimensionless parameters

I =
l

Ω8
, Y =

=30

=80
, DV =

E)V

EA
, jV =

@d0@V

0:B)V
,

W =
_2=80EA

Ω8
, 0̃ =

0

_
, _ =

42

:B)8
, q =

kEA

Ω8
,

ãV =
aV

Ω8
, [V =

l?V

Ω8
, AV =

ΩV

Ω8
,

(20)

where EA is the Alfvén velocity,

E2
A =

�2
0

4c=80<8
. (21)

The collision frequencies in terms of these quantities are given by

ãV = 2
√

2cYW0̃2DV

{(
1 + |jV |

)
, jV ≤ 0

exp
(
−jV

)
, jV > 0

. (22)

The dispersion relation is evaluated considering that the stud-

ied modes have large wavelength in the perpendicular direction,

i.e., @⊥ ≪ 1, and keeping only the = = −1, 0, 1 harmonics in the

dielectric components. A more detailed account of this derivation

is given by Gaelzer et al. (2008), and as a result we have the follow-

ing expression for the dispersion relation for obliquely propagating

MNRAS 000, 1–10 (2021)



Oblique Alfvén waves in a dusty plasma 5

waves,[(
I2

[2
8

+ n1
HH − @2

‖

) (
I2

[2
8

+ n1
GG − @2

‖

)
− (n1

GH)2
] (

I2

[2
8

+ n0
II

)

+
{(

I2

[2
8

+ n0
II

) (
I2

[2
8

+ n1
GG − @2

‖

) (
n0
HH − 1

)

+
(
I2

[2
8

+ n1
HH − @2

‖

) [(
n1
II − 1

) (
I2

[2
8

+ n1
GG − @2

‖

)

−
(
n1
GI + @ ‖

)2]
−
[
− 2n1

GHn
1
HI

(
n1
GI + @ ‖

)

+ (n1
GH)2

(
n1
II − 1

)
+ (n1

HI )2
(
I2

[2
8

+ n1
GG − @2

‖

)]}
@2
⊥

+
{(

n0
HH − 1

) [(
I2

[2
8

+ n1
GG − @2

‖

) (
n1
II − 1

)

−
(
n1
GI + @ ‖

)2]}
@4
⊥ = 0,

(23)

where [8 = 2/EA and the n
0,1
8 9

tensor components are related to the

n8 9 components, remembering that these are the ‘conventional’ part

of the dielectric tensor, where we dropped the superscript � since

we are not including the other terms in equation (12), as discussed

before. Explicit expressions for these components can be found in

Gaelzer et al. (2008).

4 NUMERICAL RESULTS

To numerically solve equation (23) we consider parameters typi-

cal of stellar winds coming from carbon-rich stars (Tsytovich et al.

2004): �0 = 1 G, =80 = 109 cm−3, )8 = 104 K, )4 = )8 and

0 = 10−4 cm. These are the same parameters already employed in

previous works using a kinetic approach to study Alfvén waves in a

dusty plasma (De Juli et al. 2005; Ziebell et al. 2005; Gaelzer et al.

2008; De Toni & Gaelzer 2021). We point out that for the adopted

parameters the following conditions are satisfied: E)4 > EA and

<4/<8 ≪ V < 1, where V is the plasma parameter. Therefore, we

can safely classify the studied waves as KAWs (Stasiewicz et al.

2000).

This set of parameters is maintained fixed throughout this work

in order to focus our analysis mainly on the changes caused by the

photoionization process in the propagation and damping of KAWs.

Nonetheless, we point out that these values may vary significantly

in a stellar environment.

We consider that the dust particles are exposed to a blackbody

radiation spectrum that emanates from the stellar surface. Thus, we

express the term related to the photon flux in equation (7) as

Λ(a)da =
4ca2

22

[
exp

(
ℎa

:B)s

)
− 1

]−1 (
As

Ad

)2

da, (24)

where As is the radius of the star’s radiating surface, Ad is the mean

distance of dust particles from the star, which we consider as Ad =

2 As, unless told otherwise, and )s is the stellar surface temperature.

The incoming photon flux may be modified by the extinction

of light provoked by dust particles situated between the font of radi-

ation and the region of interest (Massey et al. 2005). This causes a

reddening effect at short wavelengths and may significantly modify

the observed stellar spectra when radiation goes through a con-

siderable amount of circumstellar dust (Truong et al. 2021). As a
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Figure 1. Real (top panel) and imaginary (bottom panel) part of the nor-

malized frequency I as a function of normalized wavenumber in the parallel

direction @‖ for several values of perpendicular wavenumber @⊥ for a dust-

less plasma (Y = 0). Continuous lines are the shear Alfvén modes whilst

dashed lines are the compressional Alfvén waves.

first approach, we neglect this effect that would add considerable

complexity to the model, and concentrate on the effect of the pho-

toionization for a given set of parameters. Therefore, we consider

that there is no dust between the font and the studied region, an

approximation that seems to be more justified by the fact that we

assume distances very close to the stellar surface.

Carbon stars may present a wide range of surface temperatures

(see e.g. Wallerstein & Knapp 1998) from about 2000 K to over

5000 K. Particularly, hotter carbon stars with )B ≥ 3500 K are of

our interest since these systems present high radiation flux with

relatively low plasma temperatures, enabling us to better understand

the effects of the photoionization process in the propagation and

damping of Alfvén waves.

Dust particles in the surroundings of carbon-rich stars are com-

monly composed of carbon (Nanni et al. 2021), with work function

of q = 4.6 eV (Sohda et al. 1997), maximum photoelectric effi-

ciency of jm = 0.05 (Feuerbacher & Fitton 1972) and dust tem-

perature of )d = 300 K, which is within the range of tempera-

tures of dust in the inner circumstellar dust shells of carbon stars

(Gail & Sedlmayr 2014).

If we considered an oxygen-rich star like the Sun, it would be

more likely to find silicate grains in its surroundings which have

smaller photoelectric yield (Feuerbacher & Fitton 1972), reducing
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the photoemission of electrons when compared to carbon grains.

Moreover, silicate grains present a higher secondary emission yield

(Chow et al. 1993) and the solar wind has much higher plasma

temperatures, these factors would make the secondary emission

of electrons an important charging mechanism of dust particles,

which is not considered in our model. Therefore, Alfvén waves in

carbon-rich stars may present more important effects related to the

photoionization process, which is our focus in this work.

We start our study by numerically solving equation (23) for

the situation of a dustless plasma (Y=0). Fig. 1 shows the real (top

panel) and imaginary (bottom panel) parts of the normalized wave

frequency I as functions of the parallel wavenumber @ ‖ . This will

be useful to compare and identify the different wave modes when

we consider the presence of dust particles.

The continuous lines are identified as shear/slow Alfvén waves

for small wavenumber and becomes the ion cyclotron mode for large

wavenumber (see Gaelzer et al. 2008). This mode disappears for

perpendicular propagation. The dashed lines are identified as com-

pressional/fast Alfvén waves for small wavenumber and becomes the

whistler mode for large wavenumber. The positive solutions corre-

spond to forward-propagating waves relative to the magnetic field,

while the negative solutions are related to backward-propagating

waves.

We notice in Fig. 1(a) that for parallel propagation the two

modes couple for small wavenumber, separating into the whistler

and ion cyclotron modes for large values of @ ‖ . However, when we

consider @⊥ > 0 these modes decouple for all values of wavenumber

since the compressional Alfvén waves approach a non zero value

of IA for very small @ ‖ . Moreover, we point out that in the pres-

ence of dust particles these two modes also may decouple for very

small values of wavenumber even for parallel propagation (see e.g.

De Juli et al. 2005; Gaelzer et al. 2008; De Toni & Gaelzer 2021).

Fig. 1(b) shows that these modes present no damping rate

(given by I8) for parallel propagation (@⊥ = 0) in a dustless plasma.

However, for oblique propagation, these waves may show non zero

values for their damping rate, specially the compressional Alfvén

waves which show significant absorption for large values of @⊥.

Moreover, the shear Alfvén waves also show higher damping rates

for larger @⊥, although these values are quite low in this scale. Here

the forward and backward propagating waves of the same mode

present similar damping rates.

The effects of dust particles in oblique Alfvén waves can be

appreciated in Fig. 2 where the perpendicular wavenumber is fixed

at @⊥ = 0.1 and the ratio of dust to ion densities is set as Y =

5 × 10−6. We observe in the top panel that the ion cyclotron modes

present a region of null IA , a feature that arises with the presence

of dust particles. Here we identify the whistler modes as the dashed

curves, whilst the forward and backward propagating ion cyclotron

modes are the continuous and dotted-dashed curves, respectively.

This distinction between different direction of propagation is made

because they show distinct damping rates in the non propagating

region, as can be seen in the bottom panel.

We notice by the imaginary part of I that the whistler modes

show almost constant values of damping rate with increasing @ ‖ , a

different behaviour of that observed for a dustless plasma in Fig. 1.

Also, we see that the ion cyclotron modes are now strongly absorbed

when compared with the dustless plasma case. The presence of dust

particles induces a new damping mechanism in both modes related

to the average inelastic collision frequency between them and the

plasma particles (see e.g. De Juli et al. 2005; Ziebell et al. 2005;

De Toni & Gaelzer 2021).

The different line colours in Fig. 2 represent distinct radiation
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Figure 2. Real (top panel) and imaginary (bottom panel) part of I as a func-

tion of @‖ for several values of stellar surface temperature)B and fixed values

of @⊥ = 0.1 and Y = 5 × 10−6. Dashed lines are the whistler/compressional

Alfvén waves whilst the continuous and dotted-dashed lines are, respec-

tively, the forward and backward propagating ion cyclotron/shear Alfvén

modes. The corresponding numerical dust charge numbers are as follows:

/d ≃ −1495 (0 K); /d ≃ −1025 (4000 K); /d ≃ −205 (4500 K); /d = 0

(4618 K); /d ≃ +349 (5000 K); and /d ≃ +700 (5500 K).

fluxes, given by the stellar surface temperature )B . The variation

of the star’s temperature will mainly alter the equilibrium charge

of dust particles, thus modifying the collision frequencies between

dust and plasma particles. The case when radiation is not considered

shows a negative dust charge number /d, since only the absorption

of plasma particles is considered as charging mechanism, which

tends to negatively charge the dust grains.

When we consider a non zero value of )B , the photoionization

process will alter the dust electrical charge, which becomes less

negative, since dust particles will lose electrons by photoemission.

Once the radiation flux is sufficiently strong, the dust particles will

reach zero value of electrical charge and will start increasing for

larger )B when /d > 0. This can be observed in Fig. 2 where we

show in its caption the numerical values for /3 in each case, e.g.,

when )B ≃ 4618 K, which result in /d = 0, and when )B = 5000

and 5500 K, resulting in positively charged dust particles.

Fig. 2 also shows that the photoionization process will also have

effects on the propagation and damping of oblique Alfvén waves. In

panel (a) we see that the increase of radiation flux will diminish the

non propagation region of the ion cyclotron modes. The imaginary

part of I, depicted in panel (b), shows that the damping rate of
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Figure 3. Real (left panels) and imaginary (right panels) parts of the normalized wave frequencies I as a function of @‖ with constant value of @⊥ = 0.02

and Y = 2.5 × 10−6 for four distinct values of radiation intensity, given by the stellar surface temperature )s. Red/black lines correspond to forward/backward

propagating whistler modes, blue/yellow lines correspond to forward/backward ion cyclotron modes. Grey lines correspond to regions of no propagating waves,

with both modes featuring zero value of IA .
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@⊥ = 0.02, Y = 2.5 × 10−6, )s = 3600 K and several values of mean dust

distance A3 as a multiple of stellar surface radius AB . Dashed lines correspond

to whistler modes while continuous lines correspond to ion cyclotron modes.

the whistler and ion cyclotron modes will decrease with increasing

stellar temperature for this set of parameters, but presenting similar

behaviours for both negatively and positively charged dust grains.

We point out that Gaelzer et al. (2008) (fig. 3) have shown that

the decrease of dust density will also reflect in a smaller non prop-

agating region for ion cyclotron waves and smaller damping rates

for all modes. This is expected since smaller dust densities will

decrease the inelastic collision frequency (see equation (22)) hence

decreasing the damping rates, since inelastic collisions is the process

responsible for the appearance of this additional damping mecha-

nism in Alfvén waves in a magnetized dusty plasma (De Juli et al.

2005). What we observed in Fig. 2 is that the increase of radiation

flux and, consequently, the increase of dust electrical charge, will

result in a similar behaviour of what is seen when dust density is

decreased.

Another interesting feature presented in the work of

Gaelzer et al. (2008) is that for a given value of @⊥ the obliquely

propagating waves may show a region of @ ‖ values where all modes

are non propagating, this case is reproduced here in the top panels

of Fig. 3 for )B = 0 K (no radiation flux). For this given set of

parameters, we observe in panel (a) that in the region of very small

@ ‖ the whistler modes (red and black curves) present diminishing

values of IA until @ ‖ ≈ 0.005, at which point they become non

propagating (as the ion cyclotron modes). This region is presented

with grey curves and goes until @ ‖ ≈ 0.008, after that the whistler

modes become propagating again while the ion cyclotron modes

(blue and yellow curves) will present non zero values of IA only for

@ ‖ & 0.02.

We see by the imaginary parts of I in Fig. 3(b) that the for-

ward and backward propagating whistler modes present the same

damping rate in the regions where they have non zero values of IA
(red line superposing black line). However, they will feature distinct

values of I8 in the region of non propagation (grey lines). In this

region, the forward and backward ion cyclotron modes also present

distinct values of I8 , and it makes no sense identifying any of these

solutions since they all present IA = 0. The forward and backward

ion cyclotron modes will also show distinct I8 values as long as they

present null IA , and will have similar damping rates after @ ‖ ≃ 0.02

(blue line superposing yellow line) at which point they present non

zero values of IA .

Now we analyse the evolution of the mentioned regions (sep-

arated by black bars) for the case where photoionization of dust

particles is considered. Figs. 3(c)-(h) consider a blackbody radia-

tion flux coming from a stellar surface of temperatures 3400, 3600

and 4000 K. We notice that, considering the same set of parameters

as in panels (a)-(b), the presence of a radiation flux will shrink the

region where whistler waves present diminishing values of IA for

increasing @ ‖ , until it eventually disappears in panels (e)-(f) for

)B = 3600 K.

The region where all modes are non propagating, delimited

by black bars, will firstly increase with increasing temperature )B
until the whistler modes no longer start with a non zero value of IA
for @ ‖ = 0. At this point we no longer see diminishing values of

IA for whistler modes, and the non propagating region will shrink

for greater values of )B until it eventually disappears, as in panels

(g)-(h) for )B = 4000 K. For even greater values of radiation flux we

expect the ion cyclotron modes to present smaller region of zero IA ,

and all modes will have smaller values of damping rates, similar of

what we have seen in figure 2.

A similar effect of what we just discussed is observed for a

fixed stellar temperature )B and different distances A3 of the dust

grains from the star’s radiating surface in equation (24). Fig. 4 shows

the case of )B = 3600 K and same set of parameters as in Fig. 3

for distinct dust particles distance. The case represented by the red

curves, where the mean dust distance is two times the radius of

the star’s radiating surface, is the same already seen in panel (e)

of Fig. 3. In this case, we see that whistler waves (dashed lines)

present a region of zero IA for @ ‖ . 0.005, after which they become

propagating.

We notice that for smaller distances such as A3/AB = 1.5 (black

lines) the whistler modes present non zero values of IA for all values

of @ ‖ , as expected from what we learned in Fig. 3, since dust particles

are exposed to higher values of radiation flux. On the other hand,

when we consider greater distances such as A3/AB = 3.5 (blue lines)

the radiation flux gets smaller and we can see a region of small @ ‖
where whistler waves present decreasing values of IA and a region

where all modes are non propagating.

Therefore, it is possible to observe the distinct scenarios dis-

cussed in Fig. 3 also for a fixed value of stellar temperature (that is,

for a given star) at different distances of the star’s radiating surface,

given that the plasma parameters remain the same. We remind the

reader that, as a first approximation, equation (24) does not consider

the extinction of light, which could decrease even more the radia-

tion flux as we go further from the stellar surface, since more dust

particles would be along the way to absorb and scatter the radiation.

5 CONCLUSIONS

Using a model for magnetized dusty plasmas within the kinetic the-

ory, we have studied the characteristics of Alfvén waves propagating

obliquely to the direction of the ambient magnetic field in a stellar

wind from a carbon-rich star. The employed formulation considers

that the plasma species are described by a Maxwellian distribu-

tion of momenta and dust particles are immobile, given their much

higher mass. Consequently, the studied wave frequencies are much

larger than the usual dust frequencies, excluding modes that arise

from dust dynamics. The dust particles are charged by absorption

of plasma particles due to inelastic collisions and by photoioniza-

tion. Our analysis focus on the effects caused by the photoionization

process on the propagation and damping of kinetic Alfvén waves
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(KAW), comparing with previous results where only absorption of

particles is considered as dust charging mechanism.

We noticed that the presence of dust particles greatly modify

both the real and imaginary parts of the normalized wave frequency

of KAWs. For the considered parameters, shear Alfvén waves always

show a region of @ ‖ values where the real part of the normalized

frequency IA is zero. This interval of @ ‖ values is modified when

we consider the photoionization process, being diminished when

the radiation flux incident on dust grains is increased.

The damping rates, given by the imaginary parts of the nor-

malized wave frequency I8 , of both compressional and shear Alfvén

modes also present distinct behaviours in a dusty plasma when com-

pared to a conventional plasma. It was already known that dust grains

cause the appearance of a new damping mechanism related to the

inelastic collisions between dust grains and plasma particles. Con-

sequently, shear Alfvén waves, which present negligible damping

rates in a conventional plasma, will show significant damping in a

dusty plasma. The damping of compressional Alfvén is specially

different at small values of @ ‖ , where it presents practically constant

values in a dusty plasma, unlike the complex behaviour presented

for a conventional plasma. The incidence of radiation flux does not

modify qualitatively the behaviour of these damping rates, at least

for the parameters considered in this work, but will significantly

diminish these values of |I8 | for both modes if the radiation flux is

sufficiently strong.

We also analysed the dispersion properties of KAWs for a

particular set of parameters where both Alfvénic modes present

a region of @ ‖ values with IA = 0. This case also shows the

whistler/compressional Alfvén waves with negative values of par-

allel group velocity for small @ ‖ . As we consider stars with greater

stellar temperature )B , we observe that the region where all modes

are non propagating increases, until the whistler waves no longer

present negative parallel group velocity. For even larger values of ra-

diation flux, the region of non propagation starts to decrease until it

vanishes for a sufficiently large value of stellar temperature. We also

noticed that this effect can be observed in a given star (with constant

stellar temperature) at different distances from the star’s radiating

surface, giving that the plasma parameters remain the same.

These results show that the presence of dust particles sig-

nificantly modify the dispersion characteristics and absorption of

KAWs, and that the photoionization process may be of great impor-

tance in situations where it dominates over other charging mecha-

nisms, altering the equilibrium electrical charge of dust particles.

Such situations can be found in the winds of a relatively hot carbon-

rich star, although this formalism can be applied for other space

environments, such as stellar winds of stars from a different cate-

gory or the magnetosphere of planets, bearing in mind that other

charging mechanisms may bring greater effects than the photoion-

ization in systems with hotter and denser plasma.

It is possible to see in the figures presented in this work some

features of the group velocity of the studied Alfvénic modes. We can

see by the slopes of the curves that, in the presence of dust particles,

the ion cyclotron modes will always show a region of @ ‖ values with

zero parallel component of the group velocity, beginning to show

positive (negative) values when the forward (backward) propagating

mode shows non zero IA . Meanwhile, a specific whistler mode could

present in a given situation (see e.g. Fig. 3(a)) negative, null or

positive parallel group velocity for distinct regions of @ ‖ values.

However, this study does not give any information regarding the

perpendicular component of group velocity. This motivate us to

pursuit a better understanding of the evolution of both parallel and

perpendicular components of group velocities for KAWs, since this

property will provide information regarding the energy propagation

of these waves. We are currently working in this subject and intend

to publish our results in the near future.

Several other avenues of investigation can be followed from

this work. The model has several limitations and could be greatly

improved. As already mentioned, the model assumes a single grain

size, which is convenient to derive a relatively simple dispersion

relation to work with, but such assumption is somewhat unrealistic,

given that space environments present several dust populations of

different sizes. Galvão & Ziebell (2012) have derived an expression

of the dielectric tensor for a magnetized plasma considering that

dust particles present a discrete distribution of sizes, charged by

inelastic collisions and by photoionization. We intend to make use

of this formulation to include a continuous distribution function of

grain sizes to the model and investigate the consequences to the

waves’ properties.

The expression for the radiation flux, given by equation (24),

can be improved by considering the effect of extinction. This would

require a knowledge about the distribution of dust particles between

the source of radiation and the observer, and is to a certain degree

related to the problem mentioned above regarding the distribution

of dust sizes in the star’s vicinity. The model of light extinction used

in the work of Truong et al. (2021) separates the circumstellar dust

shell of the star Betelgeuse in several layers with distinct plasma and

dust properties, showing results that well reproduce the observed

flux from the near-UV to near-IR range. This model, which can

provide the reddening of light in a region within the dust shell, could

be well suited to future studies using the formulation presented here.

The formalism applied is based on the linearized from of the

Klimontovich-Maxwell set of equations and does not take into ac-

count higher non-linear terms of this system. Thus, a more com-

prehensive treatment is necessary to better understand the several

non-linear nature of the local wave-particle and wave-wave interac-

tions. The results seen here and in several other works indicate that

the dust population will ultimately affect the non-linear processes

where Alfvén waves are involved in the dust-rich environment of

carbon-rich stars. We also intend to pursuit this line of investigation.
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